Abstract: In the vortex background on a sphere, a single 6-dimensional fermion family gives rise to 3 zero-modes in the 4-dimensional point of view, which may explain the replication of families in the Standard Model. Previously, it had been shown that realistic hierarchical mass and mixing patterns can be reproduced for the quarks and the charged leptons. Here, we show that the addition of a single heavy 6-dimensional field that is gauge singlet, unbound to the vortex, and embedded with a bulk Majorana mass enables to generate 4D Majorana masses for the light neutrinos through the see-saw mechanism. The scheme is very predictive. The hierarchical structure of the fermion zero-modes leads automatically to an inverted pseudo-Dirac mass pattern, and always predicts one maximal angle in the neutrino see-saw matrix. It is possible to obtain a second large mixing angle from either the charged lepton or the neutrino sector, and we demonstrate that this model can fit all observed data in neutrino oscillations experiments. Also, U e3 is found to be of the order δ ∼ 0.1.
Introduction
Models of particle physics in more than four spacetime dimensions offer interesting possibilities to explain the mysterious patterns observed in fermion intra-and inter-family mass hierarchies and mixings. Standard Model fields are localized near a four dimensional subspace, in the core of a topological defect in extra dimensions. With different wave function profiles for different fermions, their overlap with a scalar field H that plays the role of the Standard Model Brout-Englert-Higgs field (BEH scalar) leads to a hierarchical structure of masses and mixings from the four dimensional point of view.
The class of models where the topological defect is a two dimensional Abelian vortex, known as the Abrikosov-Nielsen-Olesen vortex is of particular interest as it leads to chiral fermion zero modes. Through the index theorem, the number of families in the Standard Model, n f = 3, can be related to the number of zero modes as a topological invariant of the background vortex field. The value n f = 3 is however not automatically guaranteed, but can be achieved by an adequate axial charge assignment for the fermions. In Refs. [1] [2] [3] [4] [5] , it has been demonstrated that the different wave function profiles of the zero modes in the core of the vortex lead naturally to realistic hierarchical mass patterns for quarks and charged leptons, with small inter-generation mixings. The model was first developed assuming two flat extra dimensions R 2 , but later it appeared that a compactification on a sphere S 2 is necessary for the model to be consistent and realistic. The phenomenological implications also include a specific pattern of flavor violation where "family number" non conserving processes are automatically strongly suppressed [6] . Such FCNC effects mediated by heavy bosons can be searched for at LHC and future colliders, with the production of (µ + e − ) or (µ − τ + ) pairs with equal and large transverse momenta as the main signature [7] .
In the current paper, we want to consider whether the scheme can be extended to accommodate mass and mixing data in the neutrino sector. Neutrinos are not only characterized by tiny masses, at most in the eV range, but also exhibit large mixings responsible for the observed neutrino flavor oscillations. An obvious possibility to generate neutrino masses would be to treat them exactly like the charged fermions, with a Dirac mass obtained at the cost of introducing a 6D field N , bound to the vortex, and from which the three families of 4D right-handed neutrinos emerge. However, this possibility does not offer a natural explanation for the smallness of the neutrino masses, which in this case require tiny coefficients in the Lagrangian.
It is therefore tempting to consider other solutions, namely the case where the "righthanded" neutrino field is NOT bound to the vortex. In the context of models with large extra dimensions, tiny neutrino masses are often the result of a dilution effect: the field that provides right-handed neutrinos, being singlet under the Standard Model gauge group, can be non-localized, and therefore have a small overlap with the wave function of Standard Model fields 1 . A first attempt using a non-localized field N was made in Ref. [11] , in a setup where the two extra dimensions were flat. When the size R of the compact extra dimensions is small enough to neglect the massive modes of the Kaluza-Klein tower (which is necessary to avoid astrophysical bounds on neutrinos derived from supernova dynamics), we found that the 6D field reduces in the 4D effective theory to two right-handed and two left-handed states, the former being suitable for building Dirac mass terms for the neutrinos. These mass terms are furthermore reduced according to the limited overlap of the L and R fields, respectively bound and unbound to the vortex. With two right-handed neutrinos, the model is able to accommodate the two mass squared differences measured in solar and atmospheric neutrinos oscillation experiments. However, after masses of e, µ and τ are fixed, the model is essentially parameter free and therefore also predicts the neutrino mixing angles to be sin θ 12 ≃ 0.37, sin θ 13 ≃ 0.14, sin θ 23 ≃ 0.99, a pattern that differs significantly from the observed one.
In a three neutrino scheme, the observed mixing matrix in the leptonic sector, the socalled Maki-Nakagawa-Sakata (MNS) matrix which relates neutrino flavor eigenstates to mass eigenstates, ν f = U M N S ν m , is conventionally parametrized in the following form [12] [13] . Unlike the CKM matrix in the quark sector, the MNS matrix harbors two large mixing angles seen in solar and atmospheric neutrino oscillation experiments, together with a rather mild mass hierarchy, if any.
We have meanwhile turned to a different compactification scheme (namely, on a sphere of radius R) [3] . This compactification scheme offers two advantages. It removes both the need of a difficult localization of the gauge fields, and also spurious fermionic zero-modes which may appear due to a boundary in extra dimensions.
It is thus now appropriate to reconsider the situation in the new context. In particular, we want to investigate how it is possible to generate a pattern where the three light neutrinos in fact behave like Majorana particles in four dimensions (although Majorana fermions don't exist in 6D (see e.g. Ref. [14] ), what we discuss here is the effective theory after dimensional reduction) 2 . For this purpose, with a "see-saw" mechanism in mind , we add one extra (sterile) "neutrino" field N in 6D, unbound to the vortex. For this sterile particle (often called right-handed neutrino), we expect two sources of mass: one arising from the compactification itself (there are no massless modes in this case due to the positive curvature of a sphere [26, 27] ) 3 , and the other, optional, from possible Majorana mass terms.
As a matter of nomenclature, it is indeed important to keep in mind that, although Majorana fermions i.e. self charge conjugated particles don't exist in 6D, nothing prevents Majorana mass terms. By the latter, we mean a scalar term in the Lagrangian, which violates fermion number. Thus two effects can concur to lower the observed neutrino mass: the see-saw mechanism, associated to the coupling to a heavy right-handed neutrino (where the mass results either from compactification or from a Majorana mass term), and the limited overlap between the unbound neutrino field and the vortex-bound left-handed neutrino. We anticipate here on the following to announce that in fact, the Majorana mass term will prove necessary (see Sec. 3.3) even in the presence of other fermion number violating couplings.
The paper is organized as follows. In Sec. 2, we first discuss the meaning and the properties of a Majorana mass term in 6D; then, we give the decomposition of a 6D singlet neutrino field N into spherical modes, and reduce its Lagrangian including a bulk Majorana mass term to a 4D effective Lagrangian. In Sec. 3, the field N is coupled to the vortexbound lepton doublet L and see-saw masses for the left-handed neutrinos are obtained. We consider two possibilities: when the bulk Majorana mass M is absent, explicit fermion number violating couplings between L and N are introduced, when M = 0, the Majorana mass term is the only source of fermion number violation. Within the same framework, charged lepton masses are also calculated. In Sec. 4, we estimate the mass matrices in the narrow BEH scalar approximation, and compare them with phenomenological data. In particular, we discuss how the model can accommodate at the same time hierarchical masses for the charged leptons, sub-eV neutrino masses with a mild hierarchy in their ∆m 2 , and large angles seen in the mixing matrix U M N S . Finally, we conclude in Sec. 5. Also, notations and definitions of Γ matrices in 6D are summarized in the Appendix.
Majorana mass term in six dimensions

General properties
As already stated, we use the expression "Majorana mass term" for a 6D Lorentz scalar contribution in the Lagrangian, typically breaking fermion number by 2 units (assuming that fermion number has been previously defined). All such terms can be constructed from the component expansion of the spinors. We have explicitly checked that all such bilinear contributions can also be generated from the "Dirac" spinors using one suitable "charge conjugation matrix" C. At least two definitions of the matrix C exist, but taking C = Γ 0 Γ 2 Γ 4 (up to a phase), the two possible Majorana mass terms that can a priori be constructed with two fields Ψ and Φ (assuming them to have equal fermion number) are
where the conjugate field is given by Ψ c = CΓ 0 Ψ * . As fermion fields anticommute, it is also straightforward to show that the antisymmetric mass term identically vanishes for a single field Ψ = Φ . It is instructive to develop the Majorana mass terms Eqs. (2.1) using four dimensional chiral components of Φ and Ψ. We can label components of a six dimensional Dirac field according to their sign under both Γ 7 andΓ 5 = iΓ 0 . . . Γ 3 , left-and right-handed chirality in 4D given by the projectors P R,L = (1 ∓Γ 5 )/2,
So a 6D Dirac spinor is equivalent to two right-handed and two left-handed 4D Weyl spinors. The Majorana mass terms in Eqs. (2.1) now become
where we use the contracted product notation
Lj for left-handed spinors, where ǫ ij is the totally antisymmetric tensor of rank 2. As ψφ = φψ (we recall that fermions anticommute), it is now obvious that the antisymmetric mass term identically vanishes when Ψ = Φ. We see that a Majorana mass term in 6D always mixes "+" and "−" components. However, this does not a priori prohibit from building a Majorana mass term for the vortex-bound left-handed neutrinos via a see-saw mechanism, as the +L components of the chiral zero modes explicitly depend on the −L components, therefore there are only two degrees of freedom per zero mode [1] .
Compactification on a sphere
So let us consider a single fermion field N , singlet under the Standard Model gauge group, that will play the role of the heavy "right-handed" neutrino for the see-saw mechanism. As discussed in the introduction, it is necessary to set the model with a compactification on a sphere rather than with flat extra dimensions, in order to realize the see-saw mechanism in a consistent and realistic way. The Lagrangian for a bulk field N in M 4 × S 2 with a (antisymmetric) Majorana mass term is given by 4) where the metric g AB is given by
To obtain the 4D effective Lagrangian, the bulk field is decomposed into orthonormal spinor spherical modes Υ ± lm (θ, φ) (see Ref. [28] ) of the Dirac operator on a sphere
where
where ξ andχ ≡ iσ 2 χ * are respectively left-handed and right-handed Weyl spinors in Minkowski space (so both ξ and χ are left-handed). With this decomposition, we obtain the 4D effective Lagrangian
The equations of motion show that modes are related by groups of four when M = 0,
with i∂ = k, i∂ =k. We therefore obtain the correct dispersion relation
Notice that because of the positive curvature of the sphere, there are no zero-modes. The propagator in momentum space is obtained by inverting the matrix operator in Eq. (2.12)
where abbreviated indices ±± stand for ±λ, ±m. So to summarize, the six dimensional bulk field N with a Majorana mass term is equivalent to a tower of massive modes ξ λ,m and χ λ,m in the 4D point of view, with masses and propagators given by Eq. (2.14).
See-saw mechanism with chiral zero modes
The goal of this section is to implement the see-saw mechanism in a minimal model with a vortex background on M 4 × S 2 . Before venturing into this model with a full account of fields profiles charges representations its technicalities, let us give a brief argument on why the see-saw mechanism in 6D might explain the presence of large mixing angles in the leptonic mixing matrix U M N S . As shown in Sec. 2 (Eq. (2.3)), a Majorana mass term in 6D always connects a "+" component with a "−" one. A see-saw mechanism in 6D would amount to create an effective Majorana mass term for the lepton doublet L (which contains the Standard Model neutrinos in the dimensional reduced effective theory) in a term of the form
for some coefficient A, B. The field L is bound to the vortex, and gives rise to three left-handed zero-modes L n (n = 1, 2, 3 is therefore the family (or generation) number in 4D), with the +L components explicitly dependent on the −L ones. Dropping the angular factor around the vortex (which does not change the argument), we have
where f 2 and f 3 are functions of the extra dimensions that have a leading behavior f 2 (n) ∼ θ 3−n and f 3 (n) ∼ θ n−1 at a small distance θ near the core of the vortex. As a result, the neutrino see-saw matrix element (n, m) is expected to behave as f 2 (n)f 3 (m)+f 3 (n)f 2 (m) ∼ θ 2−|n−m| (the see-saw matrix is symmetric). Therefore, it will have a dominant entry at position (1, 3) and (3, 1)
which guarantees one large, close to maximal mixing angle. We also expect light neutrino masses to follow a "pseudo-Dirac" inverted hierarchy mass pattern m 1 ≃ −m 2 ≫ m 3 . To have two large mixing angles in U M N S in a pattern close to the observed one, there are two possibilities. Either one large mixing angle is attributed to the charged lepton mass matrix (more precisely in the 2 − 3 block in case it corresponds to the heaviest charged lepton states), and this possibility is analyzed in Sec. 4.3, or both large mixing angles stem from the neutrino sector. We will see in Sec. 4.4 how this second possibility can emerge without contradicting the simple line of reasoning outlined above. We now go back to the chosen setup on a sphere, and see how the model is implemented in details.
Field content of the model
The field content is similar to the model of Ref. [11] , and is given in Table 1 for easy reference (we only consider the leptonic sector). The brane is the Abelian vortex made of a gauge field A (for the gauge group U (1) g ) and a scalar field Φ = F (θ)e iφ . The scalar field H has the quantum numbers of the Standard Model scalar doublet, while X is an additional scalar field needed to have inter generation mixings among quarks and leptons. With a suitable scalar potential V (Φ, H, X) (see Ref. [4] where the flat space analogous case is discussed), the interaction with the vortex results in their localization around the brane. The electroweak symmetry is spontaneously broken in the usual way by the field H, while the vortex structure is generated by Φ. The charges of the fermions under the "vortex" group U (1) g are now (3, 0) for (L + , L − ) and (0, 3) for (E + , E − ). This differs from the "flat case", where we had taken half integer chiral charges, like +3/2 for L + and −3/2 for L − . The reason for the change is that on a sphere, half-integer axial charges for fermions are inconsistent with the Dirac's charge quantization condition [3] . The interaction of these fermions with the vortex field,
results in the localization of three chiral zero modes. The bulk fermion singlet N is not given any chiral charge under U (1) g so that no term like Eq. (3.4) which would result in the localization of the field can be written. In this paper, for simplicity, we choose N to have no charge under U (1) g . Otherwise, the decomposition of the bulk field into spherical modes given in Sec. 2 would not be valid.
In Table 1 , S + and S − are not necessarily additional elementary scalar fields in the model, but represent effective couplings lumping products of the existing scalars already introduced, that leave the following Lagrangian invariant (H = iσ 2 H * )
therefore S + and S − can be
Notice that we don't limit the Lagrangian to quartic terms, as the 6D theory is not renormalizable, and can only be seen as the low-energy part of a more complex structure, so Y ± ν are dimensionful couplings, as will be later discussed. The reduction of the Lagrangian L D to four dimensions will give rise to Dirac type masses for the Standard Model neutrinos. A non-vanishing result appears only for terms with a total winding number around the vortex equal to zero. This leads to selection rules among the modes of the bulk field N . Therefore, a different flavor structure of the see-saw mass matrix for the three light neutrinos arises for each S + and S − , as they have different winding numbers around the vortex.
Chiral zero-modes and neutrino Dirac masses
Fermionic zero-modes in a vortex background on a sphere have been calculated in Ref. [3] . Using the same notations, the three zero for L are written as
with n = 1, 2, 3, and l n is a two component spinor. Let s ± be the winding number of the composite scalar fields S ± , so
Following Sec. 2, the bulk field N is decomposed in a tower of spherical modes. In a more explicit fashion, we have Υ ǫ lm (θ, φ) =
, so
By integrating over the extra dimensions, we get the effective neutrino Dirac mass La-
with the selection rules from the φ integration
and In order to generate light neutrino masses, one might introduce explicit lepton number violating mass terms. In analogy with Eq. (3.5), we can consider the following Lagrangian
where S ′ ± are composite scalar fields with a winding number s ′ ± ,
14)
It turns out that this attempt still fails to generate neutrino Majorana masses for the light states. It can be checked that all three Lagrangians Eqs. (2.4), (3.5) and (3.13) (with M = 0) as well as the kinetic terms for L are invariant under the discrete symmetry 
So when M = 0, the Lagrangians considered so far are invariant under this symmetry. However, a Majorana mass term for the light neutrinos corresponds to the effective coupling Eq. (3.1), which is not invariant under the transformation Eq. (3.15).
Neutrino see-saw masses when M = 0
A non-zero bulk Majorana mass term for N does break the symmetry Eq. (3.15), so that neutrino see-saw masses can indeed be generated in this case. They are calculated as truncated two-point functions with a transfer momentum k → 0. For the see-saw mechanism to work, the "magnetic" quantum numbers of the bulk field modes m + and m − in Eq. (3.12) have to be opposite in value. We obtain the following neutrino see-saw mass matrix
17) where n, m = 1, 2, 3 are the generation indices, and a non-zero contribution appears only if the selection rule n + m + s + + s − = 4 is respected.
Charged lepton masses
In the same spirit of the neutrino sector, we write down all possible interactions that give a mass to the charged leptons, and investigate all possibilities
The interaction of E with the vortex background Eq. (3.4) leads to the localization of three right-handed zero-modes [3] 
After integration over the extra dimensions, we get the charged lepton mass Lagrangian
Estimates for mass and mixing matrices
The Brout-Englert-Higgs field is localized on a narrow region of typical size Rθ Φ , locked to the profile of Φ through the scalar potential [29, 30] . Therefore, integrals over θ that appear in Eqs. (3.12) and Eqs. (3.22) are typically saturated at θ = θ Φ ≪ 1. To estimate the mass matrix elements, we therefore use approximate profiles for the various fields that are accurate enough under this narrow BEH scalar assumption. On [0, θ Φ ], we have
For the fermion zero modes, it has been shown in Ref. [3] that on [0, θ Φ ], the profiles are approximately given by (n = 1, 2, 3) which defines the effective Brout-Englert-Higgs scalar expectation value V SM ≃ 250 GeV, has to be satisfied [29, 30] . What is the "new" scale Λ of the model? While the obvious dimensional parameter is 1/R, the energy scale really appearing is determined by the size of the vortex, rather than the sphere, namely Λ ∼ 1/(θ Φ R), and θ Φ depends mostly on the fermion spectrum choices we make [4, 5, 29, 30] . From pure phenomenological considerations, the model is constrained by flavour violating processes, with the strongest constraint arising from the non observation of the decay K → µ ± e ∓ ; it requires the size R of the extra dimensions to satisfy 1/R ≥ 64 TeV [6] . Just to fix ideas, we will assume here that 1/R ∼ 100 TeV. In what follows, we take θ Φ ∼ 0.1, a value that enables to reproduce quark and charged lepton hierarchical mass patterns, so that Λ ∼ 10 3 TeV, and v H ∼ 10 2 TeV 2 .
Charged lepton mass matrix
If we assume that all terms in the Lagrangian L E (Eq. corresponding to terms with the projector (1 + Γ 7 ) and (1 − Γ 7 ) resp. have the following structure 
are the Jacobi polynomials, and notice the following points:
• All the terms in Eq. (3.17) have a phase equal to one. This can be easily checked using expressions in Eq. (4.5).
•
As a result, for l ≫ 1/θ Φ , the Dirac masses M ± D are increasingly suppressed. Therefore, one can limit the sum in Eq. (3.17) to values of λ that are smaller to λ max ∼ 2π/θ Φ in module.
As for the charged leptons, we express the dimensionful Yukawa couplings Y ± ν in terms of a dimensionless coefficientỸ ± ν and a power of the energy scale Λ. From Eq. (3.6), we have
, we obtain the following structure for the neutrino (symmetric) see-saw mass matrix
The light neutrinos masses follow the inverted hierarchy pattern |m 1 | ≃ |m 2 | ≫ |m 3 |, with |m 3 | ∼ δ 2 |m 1 |. Moreover, m 1 and m 2 form a "pseudo-Dirac" pair as m 1 + m 2 ∼ δ 2 |m 1 |. Therefore, this model naturally predicts a hierarchy in the mass squared splittings relevant in neutrino oscillation experiments ∆m 2 21 /∆m 2 13 ∼ δ 2 , in good agreement with the observed data ∆m 2 21 /∆m 2 13 ≃ 3.2% [13] . For the neutrino masses to be in the sub-eV range, we need a Majorana mass that is either very large, M ≥ 10 11 GeV, or very small, M ≤ 10 GeV, compared to the compactification scale. A third possibility is to trade this large or small Majorana mass for smaller Yukawa couplings. In this case, we can suppose that the Majorana mass M ∼ 1/R, which brings all dimensional quantities to their natural scale. Also, it is more natural to suppose that M ∼ 1/R rather than M ∼ Λ, as the field N does not interact with the vortex. A value around 10 −3 for the dimensionless couplings in Eq. (3.5) gives ∆m 2 13 ≃ 2.5 · 10 −3 eV 2 .
The neutrino mass matrix Eq. (4.7) is diagonalized by a matrix U ν with the structure
Let us emphasize that the large mixing angle in the 1 − 3 block is maximal up to δ 2 corrections. When the charged lepton mass matrix contains a large mixing angle in the 2 − 3 block, this model predicts two large mixing angles in U M N S = U † l U ν , as observed. The remaining small mixing angle U e3 , which corresponds to the weight of the lightest mass eigenstate in the electronic neutrino, is predicted to be of order δ. Moreover, as all phases in Eq. (3.17) are real, there is no CP violation in this model.
As the observed θ 13 angle in Eq. (1.1) is small, the matrix U M N S is often parameterized in the following form (neglecting possible CP phases)
where the solar (neutrino) angle θ ⊙ ≃ 35 • , the atmospheric (neutrino) angle is close to maximal θ ⊕ ≃ 45 • and |ǫ| ≪ 1. This form suggests that θ ⊕ is due to U l while θ ⊙ originates from U ν . In our model, it is amusing to notice that the almost maximal value of θ ⊕ is "accidental", whereas the non-maximal value of θ ⊙ is due to a shift of the quasi-maximal angle in U ν by small mixing angles ∼ δ present in U l , when the product U M N S = U † l U ν is performed.
Numerical example one
We found that a value δ = 0.07 is suitable to accommodate both the steep hierarchy of charged lepton masses, and the large (but not maximal for θ 12 ) mixing angles in U M N S . So we took θ Φ = 0.07, θ A = 1, θ ψ = π, and the energy scale is fixed at Λ = 10 3 TeV. For the scalar fields, as discussed earlier, we considered that v X = C πF = Λ 2 . For v H , using V SM = 250 GeV, Eq. This matrix does lead to the observed charged lepton masses, although this requires some tuning in the coefficientsỸ So U l contains one large mixing angle in the 2 − 3 block, tuned to be close to maximal, while V l is close to identity. For neutrinos, the Dirac masses calculated with Eq. (3.12) decrease rather slowly with λ, as can be seen in Fig. 1 . Therefore, when M is large compared to 1/R, a large number of modes is needed to calculate neutrino see-saw masses with some precision. On the other 4 These large values ofỸ − l are still within the perturbative range if factors of (2π) are taken into account. For instance, the effective coupling for s = 1 isỸ
3 ≃ 0.6. Also, vX and CπF could be raised above Λ 2 to decrease the coefficients.
hand, as discussed in Sec. 4.2, it is preferable to suppose a Majorana mass around the compactification scale M ∼ 1/R. We take M = 1/R = 70 TeV. When M ∼ 1/R, the number of modes that contribute significantly to neutrinos masses is much more limited, because of the increasing curvature mass term in the denominator of Eq. (3.17) . In this numerical example, we take λ max = 100. We have checked that taking a larger value of λ max (= 500) doesn't affect the results presented here. For all the operators with the lowest dimension in Eq. (3.5), corresponding to winding number s + = {−1, 0} and s − = {0, 1, 2}, we take a common value y ν for the dimensionless coefficient; all higher dimensional operators are neglected. The value y ν = 7.5 · 10 −3 is fixed by the observed ∆m 2 31 for atmospheric neutrinos. We find that these parameters give a good fit to all neutrino data, with the correct value of ∆m 2 21 for solar neutrinos following automatically. We obtain with a partial cancellation due to the pseudo-Dirac pattern.
Although the precise values obtained here should not be taken too seriously, as they rely on rough approximations for the scalar and fermion fields in extra-dimensions, nevertheless, this example shows how the puzzling pattern experimentally observed in the U M N S matrix can arise in our model, while ensuring hierarchical charged lepton masses. Moreover, the prediction of an interesting pseudo-Dirac structure for neutrinos may be of great experimental significance.
Numerical example two
When light neutrino masses have an inverted hierarchy with a pseudo-Dirac pair, a particular structure of the neutrino see-saw matrix can give rise naturally to the presence of two large mixing angles in the U M N S matrix [32] . Indeed, if −m 1 ≃ m 2 ≫ m 3 and U M N S is given by Eq. (4.9) with θ ⊙ = π/4, we are led to the following pattern at leading order So U ν has approximately the so-called bimaximal structure (see e.g. Ref. [33] and references therein), which can easily be made compatible with the observed U M N S , after small angles present in U l come into play. The neutrino mass spectrum is pseudo-Dirac, with ∆m 2 13 = 2.50 × 10 −3 eV 2 , ∆m 2 21 = 7.63 × 10 −5 eV 2 , and ∆m 2 21 /∆m 2 13 = 3.05%. For the charged lepton matrix, we take a simple situation where only the two operators corresponding to S l − = {X, Φ} are present with a dimensionless coefficient y 0 = 7.0. We get 
Summary & Conclusions
We returned to the question of neutrino masses in the context of a six-dimensional model compactified on a sphere. Previously, we have dealt with charged fermions in this context, and shown how a vortex with winding number 3 allowed to generate 3 light 4-dimensional families from a single one in 6D. The scheme is furthermore quite predictive, and mass hierarchies appear automatically. We also noted that higher excitations of the gauge bosons mediate interesting neutral flavor-changing, but family-number conserving interactions. In fact, the winding number in the extra dimensions acts as a family number. Here, we addressed specifically neutrinos (which we had only considered this far in a flat geometry), and showed that, in addition to treating neutrinos like the other fermions (which results in Dirac masses), light masses can be generated via the seesaw mechanism with the introduction of a single heavy neutrino in 6D, unbound to the vortex, embedded with a bulk Majorana mass. As shown in Sec. 2, a distinctive feature of a Majorana mass in 6D is that it only connects degrees of freedom (4D chiral components of the 6D field) with opposite 6D chiralities "+" and "-". This feature combined with the particular structure of the fermion chiral zero modes in the vortex background, for which the "+" and "-" components are explicitly dependent on each other (Eq. (3.2) ), results in a light neutrino mass matrix where one mixing angle is automatically maximal and where the eigenvalues obey an inverted hierarchy with a pseudo-Dirac pattern for the heavier states
In this paper, the vortex paradigm is specifically implemented with a compactification on a sphere, which enables to consider bulk modes of the unbound field in both a consistent and calculable way. The size of the extra-dimensions is only constrained by limits on flavour violating processes, with the main constraint stemming from the decay K → µ ± e ∓ , which requires 1/R ≥ 64 TeV. The size of the vortex on the other hand, which is here parameterized by the quantity δ = θ Φ /θ A ∼ 0.1, and which governs the wave function profiles of the chiral zero-modes, is chosen to match the steep hierarchies found in quark and charged lepton masses. With this rather large value of δ, the overlap between the zeromodes of the lepton doublet field L and the singlet field N is not suppressed enough to account for the smallness of the light neutrino masses. For 1/R ∼ 100 TeV, these require a large bulk Majorana mass M ∼ 10 11 GeV or, a small Majorana mass M ∼ 10 GeV or, more elegantly, M ∼ 1/R with slightly smaller dimensionless Yukawa couplings ∼ 10 −3 − 10 −2 (one could also consider much smaller extra-dimensions 1/R ∼ 10 6 TeV). While the model does not fix automatically the absolute neutrino mass scale, a very crucial point is that it does fix the ratio of the mass squared differences, as ∆m 2 21 /∆m 2 31 ∼ δ 2 . As we now know, the central value for the ratio of the observed ∆m 2 for solar and atmospheric neutrinos is about 3.2% in the inverted hierarchy scheme, therefore this value gives a strong support to this model. Another strong clue in favor of the model is that the so-called solar mixing angle is predicted in the range π/4 − θ ⊙ ∼ δ, in very good agreement with the observed value θ ⊙ ≃ 0.6.
As shown in numerical examples 1 and 2 (Sec. 4.3 and Sec. 4.4), realistic 4D patterns for neutrino masses and mixings are possible in this model. The main challenge is to account for the second large (and close to maximal) mixing angle first observed in atmospheric neutrino oscillation experiments. To this end, some tuning of the dimensionless couplings in the 6D theory is necessary. However, tuning does not necessarily mean fine-tuning. For instance, in the numerical example 2, the bimaximal structure in U ν comes out naturally with all the non-zero coefficients in the neutrino sector having the same order of magnitude. The situation is quite different in the numerical example 1, when one attempts to attribute the large atmospheric mixing angle to the charged lepton sector in U l . Although possible, this requires a hierarchy in the dimensionless coefficientsỸ Finally, this model (where we have not yet attempted to include possible CP violation) gives a number of definite predictions that are experimentally testable, but that have not been experimentally decided yet. The first one is that the neutrino mass hierarchy is inverted, and so ∆m 2 31 < 0. The second one is that the yet unknown small mixing angle U e3 should be of order δ ∼ 0.1. The third one emerges from the pseudo-Dirac pattern for the heaviest mass eigenstates m 1 ≃ −m 2 , which implies a partially suppressed signal at neutrinoless double-beta decay experiments. We have | m ββ | = | i m i U 2 ei | ≃ ∆m 
